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Logarithms

1.1.1 Definition

“The Logarithm of a given number to a given base is the index of the power to which the base must
be raised in order to equal the given number.”

If a > 0 and # 1, then logarithm of a positive number
which equals Ni.e, log N = xiffa® = N = a'%<" = N,
It is also known as fundamental logarithmic ide
The function defined by f(x)=1log, x, a > 0,a # 1

ed as the index x of that power of 'a’
>0

Its domain is (0,%) and range is R. a is called the

When base is 'e' then the logarithmig
and when base is 10, then it is called comt

ithmic function

1.1.2 Characteristic a

(1) The integral pa aracteristic and the fractional part is called
mantissa.

mber of digits in Nis (n+1)

ere exists (n — 1) number of zeros after decimal

Example: 1

(b) Any number
(d) Any positive real number = 1
Solution: (d)

Example: 2 Logarithm of ase 242 is
(a) 3.6 (b) 5 (c) 5.6 (d) None of these

Solution: (a)  Let x be the required logarithm , then by definition (2\/5 ) = 3234

@2V =2%2%5; - 22 =275

Here, by equating the indices, %x = 2T7 , X = % =3.6
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1.1.3 Properties of Logarithms
Let m and n be arbitrary positive numbers such that @ >0, a #1, b >0, b # 1then

(1) log,a=1, log,1=0
1

log, a

(2) log, b.log,a=1=log,a=1log, b= log, b=

log, a

(8) log,a=1log,a. log bor log, a=
log, ¢

(4) log,(mn)=1log,m +log,n

(5) loga(ﬂ) =log,m—log, n
n

(7) @ =m

1
(9) log , n= Eloga n

log, b I
(11) a %" =b=" |

Example: 3

(c) Anirrational number (d) A prime number

Solution: (c¢) e integers, prime to each other.

bviously log, 7 is not an integer and hence not a prime

Example:
2
c d) 1
© 5, (@ 1
Solution: (b)  log,, 2 log7 + log4 _ l+llog7 4
2log7 2log7 2 2
1 1+2m
+log;2=—+m =
0g7 5 m 5
1 . .
Example: 5 If loge[a ; b) = 5(loge a+log, b), then relation between a and b will be
b b
(@) a=»b ®) a=— (© 2a=5b (d) a=<
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1
Solution: (a) loge[a ; b) = E(IOge a+log, b) = %loge(ab) =log, Jab

L Jab = a+b=2+ab S(x/;—x/g)z=0 >Va-Vb=0= a=b

-
Example: 6 If log,, 3 =0.477 , the number of digits in 3 is
() 18 () 19

Solution: (¢)  Let y =3%is

Taking log both the sides, logy =log 3% = log
- Number of digitsin ~ y=19+1=20
Example: 7 Which is the correct order for a give
(a) log, a,log; a,log, a,log,,
(c) logy a,log, a,log, a,1
Solution: (b)  Since 10, 3, e, 2 arein de
Obviously, log,, @, log,

1.1.4 Logarithmic Ineq

DIf a>1,p>1 =
3)Ifa

(5 If

@Ifo0<a<lp>1 = log,p<0
p<l = : _ JIf p>a>1 = log
7 <a<p<l = 0<log,p<l1

a>mb, iftm>1

log, a>b =
a<m®, if0<m<1

is positive and >1 or a <b if base p is positive and < 1 i.e,,

In other words, i
than 1 then the sign of ine

ter than 1 then inequality remains same and if base is positive but less
versed.
Example: 8 If x=log, 5, y=1
@ x<y ® x=y © x>y (d) None of these
Solution: (c¢) y=log,; 25 =2log,, 5

5, which one of the following is correct

1 1
oo —=—logs 17
5 g5

y
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L=log5 3 =llog59
X 2

Clearlyl>l , x>y
y x

Example: 9 If log,; (x —1) <logy oo (x — 1), then x lies in the interval

(a) (2,m) (b) (-2,-1) (d) None of these

Solution: (a) log,;(x = 1)< log 0372 x-1= %log os(x =1

%logos(x -1)<0

or log,;(x—1)<0 =1logl or (x-1)>1or x >2

As base is less than 1, therefore

d Surds

1.2.1 Definition of Indices
If a is any non er and m is the positive integer, then

a” =a.a.a.a...

1.2.2 Laws f

and m the index, power or exponent.

tional numbers, a = 0

6) a?'? =Ya”

(7D If x =y,thena

e converse may not be true.
For example: (1)° = (1), but 6 # 8

G 1e*rtlor 0, then x =y

(ii) If a=1, then x,y may be any real number
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(iii) If @ =-1,then x,y may be both even or both odd (iv) If a = 0, then x,y may be any non-zero real
number.

But if we have to solve the equations like [f{x)]’™ =[f(x)]"" then we have to solve :

(@) fix)=1 () flx)=~1 (© fix)=0 (d) ¢(x)=Hx)

Verification should be done in (b) and (c) cases

(8) a™.b™ = (ab)" is not always true

In real domain, Jab = \/(a_b) , only when a >0,
In complex domain, Jarlb = \/(a_b) ,if at least on
(9) If a* = b* then consider the followi
() If a # £b,then x =0

(ii) If a = b # 0, then x may ha
(iii) If a =—b, then x is eve
If we have to solve th different bases,
then we have to solve

(@) flx)=g(x), (© ¢(x)=0

Does not exist (d) None of these

=P :xlz—mz-+-m3—r13-¢-r13—l3 :xO =1
Example: 2
(a) 1 (c) 11/8 (d) 11/96
3
Solution: (d) 2% =2 =k (say). Then xyz =%= 288,80 k =12
. x =12,y =6,z =4 . Therefore, L+L+L=£
2x 4y 8z 96
Example: 3 23" 473"
° 3n+2 _ 2(1 /3)1—n
(@ 1 (b) 3 (0 -1 (d o
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23" 473" 2371324737 3718 4+7]

= = 1
1-n n-1 -3 n-1 n-1
- _2(1] 3"13%-23 3127 -2]

Solution: (a)

) x+2 3 2-2x
Example: 4 If (—] = (5] ,then x =

3
(a) 1 (b) 3 (d o
x+2 2-2x x+2 2x-2
Solution: (¢) 2 = 3 = 2 = Z] . Clearl
3 2 3 3
Example: 5 The equation 42 — 9267+ 4 g —

(@ x=1 M) x-= x=-2

Solution: (a,b) 407 _9 26" g0 = (2"‘2 "

2
Put 2¢°*2" = . Then y’

When y =8 = 22 2

1.2.4 Types of Surds
(1) Simple surd

isting of a single term. For example 23 ,6\/5_, V5 ete.

(2) Pure and mixed urd consisting of wholly of an irrational number is called pure surd.

Example : \/5_, 7

A surd consisting of the product of a rational number and an irrational number is called a mixed
surd.

Example : 5+/3 .

(3) Compound surds : An expression consisting of the sum or difference of two or more surds.
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Example: \/5 +~42,2 -3 +34/5 et

(4) Similar surds : If the surds are different multiples of the same surd, they are called similar
surds.

Example : /45 ,4/80 are similar surds because they are equal to 3+/5 and 4+/5 respectively.

(5) Binomial surds : A compound surd consisting of two surds is called a binomial surd.

Example : V5 —2,3 +32ete.
(6) Binomial quadratic surds: Binomial surds cor
i.e., the surds of the form avb + c/d or a+bJc arec
Two binomial quadratic surds which differ onl

be conjugate or complementary to each other. The prod
is always rational.

(or simple) surds of order two

For example: The conjugate of th
1.2.5 Properties of Quadratic Surd
(1) The square root of a rat __ ce of a rational
number and a quadratic surd.. ' "
(2) If two quadrati S i same irrational part,
their product is irrational:
(3) One quadratic surd ‘e difference of two others, not having the same
irrational part.

(d) None of these

mz(ll)lM(llS)l/lz :(1331)1/12’ Q/ﬁ:(”)l/e =(172)1/2 =(289)”12

Example: 7 is

@ 56++2 ®) V52+42) © 50++2) @ V53+42)
. . 15 15
lution: fi = =
Solution: (¢)  Given fraction 03730 1930 -F5 —J50 0 s2d5 12410 -5 a5
15 S _ 0B s e

T3J10-345 V10 -45 V10 +45

Example: 8 If x =3( 2+1)—13[ﬁ—1);then x3+3x =
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@) 2 (b) 6 (© 6x (d) None of these
Solution: (a) x=@(2+1)"* -2 -1)""°

=02 +D-02-D)-302+ D) (2 =12 H(ﬁ+l)—%f«/§—l}

¥ =2-32-1D"x =>x*+3x=2.

1.2.6 Rationalisation Factors

If two surds be such that their product is rational, ;
of the other.

Thus each of 2+/3 and +/3 is a rationalising fa
are rationalising factors of each other, as (+v3 +v2)/3
To find the factor which will rationaliz

em is called rationalising factor

3 ++4/2and V3 -2

Case I:Suppose the given surd

suppose «''* = x,b''? = y and le

divisible by X+ y &

(2) If nis odd i ' +y,and x" +y" =(x + )" —x" Ty + ")

Thus the ra

x"+y".
Example: 9 The rationalising factor of a'/* +47'/? is

(a) al/} _a—1/3 (b) a2/3 +a—2/3 (C) a2/3 _a—2/3 (d) a2/3 +a—2/3 -1
Solution: (d) Letx=d4'?,y=a"*then a=x>a"' =)°

4yt =+’ -y +y?)

So rationlising factoris (x? — xy +y?). Put the value of x and y
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Thus the required rationlising factor is «>'* +a2'* —1.

1.2.7 Square Roots of a +Yb and a + Vb + Ve + Vd Where Vb , Vc , Vd are Surds
Let /(a +~/b) = x +./y, where x,y > 0 are rational numbers.

Then squaring both sides we have, a +~+/b = x +y + 2/x

= a=x+y,\/3=2 xy = b=4xy
So, (x =)’ =(x +y)* —4xy=a’ —b
After solving we can find x and y.

Similarly square root of a —+/b can be fou

Vz,(x,3,2 > 0)

To find square root of a +

and take (@ + Vb — Ve —d) = Vx.

tions in x, y, z.

ed i.e., we can't find

(i)

: be  [bd  [cd
(i) va - Vb — c+«/3=\/%—\/£—\/%

Example: 10 (3 + V5 ) is equal to
(@ V5+1 B V32 © &5+/42 @ 65+
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Solution: (c¢) Let y3 5 = J;+\/;

3+J_=x+y+2,/xy . Obviously x +y=3 and 4xy =5.S0 (x -y’ =9-5=4or (x—y)=2
. 51 e [5. 1 A5+

After solving x ==,y =—. Hence {3 ++5 = [=+,[=— =
EX=30 7y 5 2 V2 2

Example: 11 \/[10 —J24) = J40) + /(60)] =

@ 5+43+42 ) 5+43-42
Solution: (b)  Let 10 —v/24 —/40 +/60 = (a —b +c)?

10 —24 —/40 +60 =a+b+c—2ab —24bc

ca =15

a’b*c® =900 = abc = 30 (= +30). S

Therefore, N/(IO 24 —40
Example: 12 (17 +12¢2) =

@ V2+1
Solution: (a) \/(17 +12\/5)

@ V2+43 -5

=10, ab =6, bc =10,

None of these

Which doesn'
Again taking y

3x2+412=15, ~x=1"

x =1,y =12 satisfy x° +3xy =37

~A37-3043 =1-412 =1-243
Example: 13 \3/(61 —464/5) =
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(a) 1—2«/5 (b) 1—\/5 (o) 2—«/? (d) None of these
Solution: (a) 61465 =a-Vb = 61 -4645 =(@—b) = a* +3ab-(Ba> + bWb

= 61 =a® +3ab, 4645 = B3a* +b)Wb = 61 = (a* +3b)a, 23v20 =(Ba> +bWb

Soa =1, b =20 . Therefore Y61 — 4645 =1-v20 =1-2+5 .
1.2.9 Equations Involving Surds
While solving equations involving surds, usually

equation extends and we may get some extraneous
neglect those which do not satisfy the equation.

e, on squaring the domain of the
e must verify the solutions and

Note that from ax =bx , to conclude a=bis n lure is x(a—b)=0 i.e.

x =0or a =b. Here, necessity of verification

Example: 14  The equation 4/(x + 1) —4/(x
(a) One solution

Solution: (d)  Given 4/(x +1) —/(x —

0 solution

equation (i)

artial Fraction
1.3.1 Definition

An d g(x) are polynomial in x, is called a rational

fraction.

(1) Proper i s of the form %,where f(x) and g(x) are polynomials
and g(x)# 0 ,are called r )

If degree of f(x) isle gree of g(x),then % is called a proper rational function.

Example: is a proper rational function.

x2+2x+4

Master of Computer Application

Pratap Bhawan, Behind Leela Cinema, Hazrat Ganj, Lucknow
PH.(0522)4026913,9838162263 MCA

www.inpsmcalucknow.com



Master of Computer Application

-MCA
) all

Entrance Exam

Since 2000

/
INPS

CLASSES

BEST COACHING FOR MCA ENTRANCE IN NORTH INDIA

(2) Improper rational functions : If degree of f(x) is greater than or equal to degree of g(x), then

% is called an improper rational function.
g(x
x3
For example: ————— is an improper rational function.
x-Dx-2)
(3) Partial fractions : Any proper rational functio roken up into a group of different
rational fractions, each having a simple factor of the dent e original rational function. Each

such fraction is called a partial fraction.

If by some process, we can break a given rati i erent fractions, whose

denominators are the factors of g(x),the he resolution or

Jx)

into its partial
g(x)

decomposition of

(1) When the deno inear factors linear factor (x — a)
occurring once in the de corresponds a single partial fraction of the

the .H.S. (after L.C.M.) and substituting x =a,,a,......

Example: 1 en the polynomial x* +x?" +1 is divided by (x +1) is

(@ 1 (b) -1 (0 2 (d -2
Solution: (a)  Remainder of x* +x?’ +1, whendividedby x +1 is (-)* + (=¥ +1=1-1+1=1.
Example: 2 x+3 + b , then a+b
GADx-3) x+1 (x-3)
9 -1
b = d —
(a 1 (b) 2 (© Z (d 2
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Solution: (b) 2x+3=a(x-3)+b(x+1)

Put x = —1; 2(—1)+3=a(—1—3):>1=—4a:>a:_71

Nowput x = 3; 203)43=b3+1) = 9 = 45 = b:%

Therefore, a +b =_—1+2=2.
4 4

3x+a 4 10
x2—3x+2_(x—2)_x—1
(@ a=7 ) a=-7

3x+a 4 10
X2-3x+2 (x-2) (x-1)
= Bx+a)=A(x-1)-10(x -2)
term)
=>A=13,a=7.

Example: 3 If , then
(d 4=13

Solution: (a, d)

of x and constant

(2) When the denominat _ _
(x — a) occurring r times in the deno esponds a sum of r
partial fractions.

Let g(x)=(x —a)(x
fx) _ 4
gx) x
Where A
above.

of constants adopt the procedure as

@ L

Solution: (¢)

Example: The partial fractio ———— are
pless P -1 -2)

-1, 3 4 4 (b)—1_3+4+4
- -1 -1 (-2) x-1% x-1? -1 (x-2)
-1 -3 -4 4
G- G- G- r-2)

()

(o) (d) None of these
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Solution: (¢)  Put the repeated factor (x —1)=y =>x =y +1

. x? _ (1+y)2 _1+2y+y2
C-1’x=2) -1 y(l+y)
Dividing the numerator, 1+2y +y* by —1+y till y* appears as factor, we get

2 3
1+2#‘LJ’z(_1_3y_4y2)+4L
—1+y —-1+y

Gi .-l
iven expression = — ——

each irreducible non
Ax + B
ax® +bx +c’

(3) When the denominator consists of non-re

repeated quadratic factor ax’ +bx +c, th

where A and B are constants to be de
4% +2x +
(x? +4x+9)(x —

W"Z‘:D _prtaq
x2(x —a)

Example :

1 -1
+_ @ ———+ *
x?-x+1 x+2 x“-x+1 x+2
Solution: (c¢) .
1-x
= (Bx-1)= +CG2—x+1)
= 4=1, B=0,

Comparing the 1t of like terms, we get 4 +C=0, 24+B-C=3, 2B+ C=-1
C=-1

3x -1 X B 1

- (1—x+x2)(2+x)_x2—x+1 x+2°

2

2
Example: 7 If D’ _4 + B+ C , then sin™ [ij =
xPax ox  x?+l C
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T T T T
() g (b) Z () ? (d) E

(x+1)2_A+Bx+C

Solution: (a) S 5
x +x X  x“+1

S+ = A +D)+Bx+C)x=> A+B=1,C=2,4=1 = B=0

Therefore sin™' 4 =sin! 1 =30° =£.
C 2 6

(4) When the denominator consists of r c factors: To each irreducible

quadratic factor ax® +bx +¢ occurring r times in t rational fraction there
corresponds a sum of r partial fractions of the form.
A, x + B, N A,x

ax* +bx +c¢  (ax?

Where, A’s and B’s are constant

X

E le:8 If —— =
xamprle (x =D +1)

(d) None of these

Solution: (a)

Sx)

an or equal to degree of g(x), then ? is called an improper rational
gx

function and every rational function can be transformed to a proper rational function by dividing the
numerator by the denominator.

We divide the numerator by denominator until a remainder is obtained which is of lower degree
than the denominator.
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e f Ex; =0(x)+ Ex; where degree of R(x) < degree of g(x).
x3
For example,ﬁ is an improper rational function and can be expressed as
X" =Jdx+
(x+5)+ M which is the sum of a polynomial (x + per rational function 129)6—_30
—5x+6 x°=5x+6
—6x% +10x -2 B
E le: X =
xample: 9 prrev el b e e T
(@ x-1 (b) x+1 (d) None of these

3 2
2 _ X7 —=6x"+10x =2/
Solution: (a) X5 +6 3 2

er, then before finding partial fractions, the given fraction
polynomial and a proper fraction by division.

Important Tips
& Some times a suitable st ransforms the given function to a rational fraction which can be integrated by

breaking it into partial fract

S5x+6

Example: 10  The coefficient of x” in the expression m when expanded in ascending orderis [MNR 1993]
+ X - X
-2 (—1) 2 1y 11 2 1 11
b) =+ -—— ) — S 4+—"——-— d) None of these
(@ — TRREY (b) 3t 3 (© 3t 3 P (D
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-4 u
Solution: (a) Sx+6 3 +3
QC+x)(1+x) 2+x 1-x
Rewriting the denominators for expressions, we get
- i) .
= 3 +L=__2 1+ +£(l—x)_1
X l-x 3 2 3
211 +—
2
2 3 n
SID2 R, SR 0 e
3 2 4
The coefficient of x” in the given expression is
\

1.4.1. Square Root
\/I = +1 is not correc
\/T =1 is correct.

Infact* v/ ’isthe symbo ’ is symbol for negative square root.

1.4.2.

if 2x-3<01ie.x<3/2

1.4.3. Generalised Results
If k> 0 then
| fix)=k = fx)=1k
| f{x)<k = -k<fx)<k
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| f{x))>k = fix)<-k or fix)>k

If k <0 then

| fx))l=k = no solution

| fx)l<k

no solution

U

| fix)]>k = allreal values of x in the domain of f(x)

Note that writing-
| fix)]<k = fix)<zk is wrong and

| fix)]>k = fx)>=£k is wrong

Example :

Solution :

Example :

Solution :

Example :

Solution :

| 2x +3]< 5.
-5 <(2x+3)<5
-8 <2x<2
-4 <x<1

| 3x—-5|>4
(Bx-5)<-4

1
X<— or
3

omial function only Numerator = o (because

of their increasing order.

will remain the same in the two adjacent sub-intervals of

be different in the two adjacent sub-intervals of the roots.

equality fx)=

Now putting Numerator = (2x — 1)(x —1)*(x = 2)* =0
= x=1/2,1,1, 2,2

Denominator = (x —2)(x —4)* =0

= x=2,4,4, 4,4

Sign scheme for f(x) is as given below.

QRx-Dx-1Px-2) -0
(x - 2)(x — 4)* ’
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Illustration : We test the sign of f(x) at any real number (except roots) say x = 5. We should that f(x) comes out to be
positive. So f(x)>o0 for all X’ in the sub-interval x>4. Now use the steps mentioned above. Since 4 is repeated
even times. f(x) is positive in the sub-interval just left of 4 also. Root ‘2’ is repeated odd times and hence the
sign of f(x) will alternate. Clearly f(x) is negative in the sub-interval just left of 2 and so on.

Since we have to find values of ‘x’ for which f(x) > o

—0o<x<1/2 or 2<x<4 or 4 <x<o (from the sign scheme)

If we have to solve for f{x) <0

Then 1/2<x<1 or 1<x<2 ie 1/2<x
Example : Find the values of ‘x’ for which fix) = (x — 2)’(1
Solution : Since D'isunity, put N'=0 = (x-2y(1-
x=2,2,1,3,3,3,4,4.

Sign scheme for the function-

—0 « T

function are

T 1
A 1
odd times even time

We have to find those v;

Example : | 2x +3] +1]

Solution : | 2x+3| +1
Discarding —ve v:

(x-3)=2 = -2x+4=2 = x=1

ndition (A) so it is not solution.

*¥%
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